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Abstract. In this paper we construct a minimal faithful representation of the (2m + 2)-
dimensional complex general Diamond Lie algebra, Dm(C), which is isomorphic to a subalgebra
of the special linear Lie algebra sl(m + 2,C). We also construct a faithful representation of the
general Diamond Lie algebra Dm which is isomorphic to a subalgebra of the special symplec-
tic Lie algebra sp(2m + 2,R). Furthermore, we describe Leibniz algebras with corresponding
(2m + 2)-dimensional general Diamond Lie algebra Dm and ideal generated by the squares of
elements giving rise to a faithful representation of Dm.
1. Introduction
Leibniz algebras are a non-antisymmetric generalization of Lie algebras. They were introduced
in 1965 by Bloh in [5], who called them D-algebras, and in 1993 Loday [9] made them popular and
studied their (co)homology.
Definition 1. An algebra (L, [−,−]) over a field F is called a Leibniz algebra if for any x, y, z ∈ L,
the so-called Leibniz identity [
x, [y, z]
]
=
[
[x, y], z
]− [[x, z], y]
holds.
Since first works about Leibniz algebras around 1993 several researchers have tried to find
analogs of important theorems in Lie algebras. For instance, the classical results on Cartan sub-
algebras [1, 10], Engel’s theorem [3], Levi’s decomposition [4], properties of solvable algebras with
given nilradical [8] and others from the theory of Lie algebras are also true for Leibniz algebras.
Namely, an analogue of Levi’s decomposition for Leibniz algebras asserts that any Leibniz
algebra is decomposed into a semidirect sum of its solvable radical and a semisimple Lie algebra.
Therefore, the main problem of the description of finite-dimensional Leibniz algebras consists of
the study of solvable Leibniz algebras.
In fact, each non-Lie Leibniz algebra L contains a non-trivial ideal (later denoted by I), which
is the subspace spanned by the squares of the elements of the algebra L. Moreover, it is easy to see
that this ideal belongs to the right annihilator of L, that is [L, I] = 0. Note also that the ideal I is
2010 Mathematics Subject Classification. 17A32, 17B30, 17B10.
Key words and phrases. Leibniz algebra, Diamond Lie algebra, Leibniz representation, right Lie module,
classification.
The work was partially supported was supported by Ministerio de Economía y Competitividad (Spain), grant
MTM2013-43687-P (European FEDER support included) and by Xunta de Galicia, grant GRC2013-045 (European
FEDER support included).
1
2 LEIBNIZ ALGEBRAS CONSTRUCTED BY REPRESENTATIONS OF GENERAL DIAMOND LIE ALGEBRAS
the minimal ideal with the property that the quotient algebra L/I is a Lie algebra (the quotient
algebra is said to be the corresponding Lie algebra to the Leibniz algebra L).
One of the approaches to the investigation of Leibniz algebras is a description of such algebras
whose quotient algebra with respect to the ideal I is a given Lie algebra [2, 7, 11, 12].
The map I × (L/I) → I defined as (v, x) 7→ [v, x], v ∈ I, x ∈ L, endows I with a structure of
(L/I)-module. If we consider the direct sum of vector spaces Q(L) = (L/I)⊕I, then the operation
(−,−) defines a Leibniz algebra structure on Q(L) with multiplication
[x, y] = [x, y], [x, v] = [x, v], [v, x] = 0, [v, w] = 0, x, y ∈ L, v, w ∈ I.
Therefore, for given a Lie algebra G and a G-module M , we can construct a Leibniz algebra
L = G⊕M by the above construction.
The real general Diamond Lie algebra Dm is a (2m+ 2)-dimensional Lie algebra with basis
{J, P1, P2, . . . , Pm, Q1, Q2, . . . , Qm, T }
and non-zero relations
[J, Pk] = Qk, [J,Qk] = −Pk, [Pk, Qk] = T, 1 ≤ k ≤ m.
The complexification (for which we shall keep the same symbol Dm(C)) of the Diamond Lie
algebra is Dm ⊗R C, and it shows the following (complex) basis:
P+k = Pk − iQk, Q−k = Pk + iQk, T, J, 1 ≤ k ≤ m,
where i is the imaginary unit, and whose nonzero commutators are
[J, P+k ] = iP
+
k , [J,Q
−
k ] = −iQ−k , [P+k , Q−k ] = 2iT, 1 ≤ k ≤ m. (1)
The Ado’s theorem in Lie Theory states that every finite-dimensional complex Lie algebra can
be represented as a matrix Lie algebra, formed by matrices. However, that result does not specify
which is the minimal order of the matrices involved in such representations. In [6], the value of the
minimal order of the matrices for abelian Lie algebras and Heisenberg algebras hm, defined on a
(2m+1)-dimensional vector space with basis X1, . . . , Xm, Y1, . . . Ym, Z, and brackets [Xi, Yi] = Z,
is found. For abelian Lie algebras of dimension n the minimal order is ⌈2√n− 1⌉.
Lemma 1 ( [6]). For the Heisenberg Lie algebras hm, the minimal faithful matrix representation
has order equal to m+ 2.
In this paper we find a minimal faithful representation of the (2m + 2)-dimensional complex
general Diamond Lie algebra, Dm(C), which is isomorphic to a subalgebra of the special linear Lie
algebra sl(m + 2,C). Moreover, we find a faithful representation of Dm which is isomorphic to a
subalgebra of the symplectic Lie algebra sp(2m+ 2,R). Then we construct Leibniz algebras with
corresponding general Diamond Lie algebra and the ideal generated by the squares of elements in
these faithful representations.
2. Leibniz algebras associated with minimal faithful representation of general
Diamond Lie algebras
In this section we are going to study Leibniz algebras L such that L/I ∼= Dm(C) and the
Dm(C)-module I is a minimal faithful representation, that is, the action I ×Dm(C)→ I gives rise
to a minimal faithful representation of Dm(C). Moreover, this representation factorizes through
sl(m+ 2,C).
Proposition 1. Let Dm(C) be a (2m+ 2)-dimensional general Diamond Lie algebra with basis
{J, P+1 , P+2 , . . . , P+m , Q−1 , Q−2 , . . . , Q−m, T }.
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Then its minimal faithful representation is given by
θJ +
m∑
k=1
αkP
+
k +
m∑
k=1
βkQ
−
k + δT 7→


im
m+2
θ αm αm−1 . . . α2 α1 − i2δ
0 − 2i
m+2
θ a1 . . . 0 0 βm
0 0 − 2i
m+2
θ . . . 0 0 βm−1
...
...
...
. . .
...
...
...
0 0 0 . . . − 2i
m+2
θ a1 β2
0 0 0 . . . 0 − 2i
m+2
θ β1
0 0 0 . . . 0 0 im
m+2
θ


.
Proof. Consider the bilinear map ϕ : Dm(C)→ sl(m+ 2,C) given by
ϕ(J) =
im
m+ 2
e1,1 −
m+1∑
s=2
2i
m+ 2
es,s +
im
m+ 2
em+2,m+2, ϕ(T ) = − i
2
e1,m+2,
ϕ(P+k ) = e1,m+2−k, ϕ(Q
−
k ) = em+2−k,m+2, 1 ≤ k ≤ m,
where ei,j is the matrix whose (i, j)-th entry is a 1 and all others 0’s.
By checking [ϕ(x), ϕ(y)] = ϕ(x)ϕ(y) − ϕ(y)ϕ(x) for all x, y ∈ Dm(C), we verify that ϕ is an
injective homomorphism of algebras. It is easy to see that Dm \ J ∼= hm. By Lemma 1 we obtain
that it is minimal. 
Let us denote by V = Cm+2 the natural ϕ(Dm(C))-module and endow it with a Dm(C)-module
structure, V ×Dm(C)→ V , given by
(x, e) := xϕ(e),
where x ∈ V and e ∈ Dm(C).
Then we obtain 

(X1, J) =
im
m+2
X1,
(Xk, J) = − 2im+2Xk, 2 ≤ k ≤ m+ 1,
(Xm+2, J) =
im
m+2
Xm+2,
(X1, P
+
k ) = Xm+2−k, 1 ≤ k ≤ m,
(Xm+2−k, Q
−
k ) = Xm+2, 1 ≤ k ≤ m,
(X1, T ) = − i2Xm+2,
(2)
and the remaining products in the action being zero.
Now we investigate Leibniz algebras L such that L/I ∼= Dm(C) and I = V as a Dm(C)-module.
Theorem 1. Let L be an arbitrary Leibniz algebra with corresponding Lie algebra Dm(C) and I
associated with Dm(C)-module defined by (2). Then there exists a basis
{J, P+
1
, P+
2
, . . . , P+m , Q
−
1
, Q−
2
, . . . , Q−m, T,X1, X2, . . . , Xm+2}
of L such that
[Dm(C),Dm(C)] ⊆ Dm(C).
Proof. Here we shall use the multiplication table (1) of the complex Diamond Lie algebra. Let us
assume that
[J, J ] =
m+2∑
k=1
δkXk.
Then by setting
J ′ := J +
i(m+ 2)δ1
m
X1 −
m+1∑
k=2
i(m+ 2)δi
2
Xi +
i(m+ 2)δm+2
m
Xm+2,
we can assume that [J, J ] = 0.
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Let us denote
[J, P+k ] = iP
+
k +
m+2∑
s=1
αk,sXs, [J,Q
−
k ] = −iQ−k +
m+2∑
s=1
βk,sXs, 1 ≤ k ≤ m.
Taking the following basis transformation:
J ′ = J, P+′k = P
+
k −
m+2∑
s=1
iαk,sXs, Q
−′
k = Q
−
k +
m+2∑
k=2
iβk,sXs, T
′ = −i/2[P+′1 , Q−′1 ], 1 ≤ k ≤ m,
we can assume that
[J, P+k ] = iP
+
k , [J,Q
−
k ] = −iQ−k , [P+1 , Q−1 ] = 2iT, 1 ≤ k ≤ m.
By applying the Leibniz identity to the triples {J, J, P+k }, {J, J,Q−k }, we derive
[P+k , J ] = −[J, P+k ], [Q−k , J ] = −[J,Q−k ], 1 ≤ k ≤ m.
By considering Leibniz identity for the triples we have the following constraints.
Leibniz identity Constraints
{P+1 , J,Q−1 } =⇒ [T, J ] = 0,
{J, T, J} =⇒ [J, T ] = 0,
{J, P+k , Q−s } =⇒ [P+k , Q−s ] = −[Q−s , P+k ], 1 ≤ k, s ≤ m,
{P+k , J,Q−s } =⇒ [P+k , Q−s ] = 0, 1 ≤ k, s ≤ m, k 6= s,
{P+k , J,Q−k } =⇒ [P+k , Q−k ] = 2iT, 2 ≤ k ≤ m,
{P+k , J, P+s } =⇒ [P+k , P+s ] = 0, 1 ≤ k, s ≤ m,
{Q−k , J,Q−s } =⇒ [Q−k , Q−s ] = 0, 1 ≤ k, s ≤ m,
{J, P+k , T } =⇒ [P+k , T ] = 0, 1 ≤ k ≤ m,
{J,Q−k , T } =⇒ [Q−k , T ] = 0 1 ≤ k ≤ m,
{P+k , P+k , Q−k } =⇒ [T, P+k ] = 0, 1 ≤ k ≤ m,
{Q−k , Q−k , P+k } =⇒ [T,Q−k ] = 0, 1 ≤ k ≤ m.

3. Leibniz algebras constructed by representation of general Diamond algebra
which is isomorphic to a subalgebra of sp(2m+ 2,R)
In this section we are going to study Leibniz algebras L such that L/I ∼= Dm and theDm-module
I is a faithful representation. Moreover, this representation factorizes through sp(2m+ 2,R).
Proposition 2. Let Dm be a (2m + 2)-dimensional general Diamond Lie algebra with basis
{J, P1, P2, . . . , Pm, Q1, Q2, . . . , Qm, T }. Then it is isomorphic to a subalgebra of sp(2m + 2,R)
by
aJ +
m∑
k=1
bkPk +
m∑
k=1
ckQk + dT 7→


0 b1 b2 . . . bm cm . . . c2 c1 2d
0 0 0 . . . 0 0 . . . 0 −a c1
0 0 0 . . . 0 0 . . . −a 0 c2
...
...
...
. . .
...
...
...
...
...
...
0 0 0 . . . 0 −a . . . 0 0 cm
0 0 0 . . . a 0 . . . 0 0 −bm
...
...
...
. . .
...
...
. . .
...
...
...
0 0 a . . . 0 0 . . . 0 0 −b2
0 a 0 . . . 0 0 . . . 0 0 −b1
0 0 0 . . . 0 0 . . . 0 0 0


.
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Proof. Consider the bilinear map ϕ : Dm → sp(2m+ 2,R) given by
ϕ(J) = −
m+1∑
s=2
ek,2m+3−k +
2m+1∑
s=m+2
ek,2m+3−k, ϕ(T ) = 2e1,2m+2,
ϕ(Pk) = e1,1+k − e2m+2−k,2m+2, ϕ(Qk) = e1,2m+2−k + ek+1,2m+2, 1 ≤ k ≤ m.
By checking [ϕ(x), ϕ(y)] = ϕ(x)ϕ(y)−ϕ(y)ϕ(x) for all x, y ∈ Dm, we verify that ϕ is an injective
hom+omorphism of algebras. 
Let us denote by V = R2m+2 the natural ϕ(Dm)-module and endow it with a Dm-module
structure, V ×Dm → V , given by
(x, e) := xϕ(e),
where x ∈ V and e ∈ Dm.
Then we obtain 

(Xk, J) = −X2m+3−k, 2 ≤ k ≤ m+ 1,
(Xk, J) = X2m+3−k, m+ 2 ≤ k ≤ 2m+ 1,
(X1, Pk) = Xk+1, 1 ≤ k ≤ m,
(X2m+2−k, Pk) = −X2m+2, 1 ≤ k ≤ m,
(X1, Qk) = X2m+2−k, 1 ≤ k ≤ m,
(Xk+1, Qk) = X2m+2, 1 ≤ k ≤ m,
(X1, T ) = 2X2m+2, 1 ≤ k ≤ m,
(3)
and the remaining products in the action being zero.
Theorem 2. An arbitrary Leibniz algebra with corresponding Lie algebra Dm and I associated with
Dm-module defined by (3) admits a basis {J, P1, P2, . . . , Pm, Q1, Q2, . . . , Qm, T,X1, X2, . . . , X2m+2}
such that the multiplication table [Dm,Dm] has the following form:


[J, J ] = a1X2m+2, [J, Pk] = −[Pk, J ] = Qk,
[J,Qk] = −[Qk, J ] = −Pk, [Pk, Qk] = −[Qk, Pk] = T,
[Pk, Ps] = [Qk, Qs] = bk,sX2m+2, [Pk, Qs] = [Qk, Ps] = ck,sX2m+2,
with the restrictions
bk,s = −bs,k, ck,s = cs,k,
where 1 ≤ k, s ≤ m, k 6= s.
Proof. Let us assume that
[J, J ] =
m+2∑
k=1
δkXk.
Then by setting
J ′ = J +
m+1∑
k=2
δ2m+3−kXk −
2m+1∑
k=m+2
δ2m+3−kXk,
we can assume that
[J, J ] = δ1X1 + δ2m+2X2m+2.
Let us suppose that [J, T ] =
2m+2∑
k=1
ρkXk and considering the Leibniz identity to {J, T, J}, we get
δ1 = 0, [J, T ] = ρ1X1 + ρ2m+2X2m+2.
By making the change of basis element J ′ = J − 1
2
ρ2m+2X1 we get the
[J, T ] = ρ1X1.
Let us suppose
[J, Pk] = Qk +
2m+2∑
s=1
λk,sXs, [J,Qk] = −Pk +
2m+2∑
s=1
µk,sXs, 1 ≤ k ≤ m.
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Taking the following basis transformation:
J ′ = J, P ′k = Pk −
2m+2∑
s=1
µk,sXs, Q
′
k = Qk +
2m+2∑
k=1
λk,sXs, T
′ = [P ′1, Q
′
1], 1 ≤ k ≤ m,
we can assume that
[J, Pk] = Qk, [J,Qk] = −Pk, [P1, Q1] = T, 1 ≤ k ≤ m.
By applying the Leibniz identity to the triples {J, J, Pk}, {J, J,Qk} we derive
[Pk, J ] = −[J, Pk], [Qk, J ] = −[J,Qk], 1 ≤ k ≤ m.
By verifying the Leibniz identity on elements, we have the following the restrictions.
Leibniz identity Constraints
{J, Pk, T } =⇒ [Qk, T ] = ρ1Xk+1, 1 ≤ k ≤ m,
{J,Qk, T } =⇒ [Pk, T ] = −ρ1X2m+2−k, 1 ≤ k ≤ m,
{P1, T,Q1} =⇒ [T, T ] = 0,
We set 

[Pj , Qj] = T +
2m+2∑
t=1
βj,tXt, [Qk, Pk] = −T +
2m+2∑
t=1
γk,tXt,
[Pk, Ps] =
2m+2∑
t=1
ηk,s,tXt, [Qk, Qs] =
2m+2∑
t=1
θk,s,tXt,
[Pk, Qs] =
2m+2∑
t=1
νk,s,tXt, k 6= s, [Qk, Ps] =
2m+2∑
t=1
ξk,s,tXt, k 6= s,
where 2 ≤ j ≤ m, 1 ≤ k, s ≤ m.
By applying the Leibniz identity to {Pk, Ps, T } and {Qk, Qs, T }, we obtain
ηk,k,1 = θk,k,1 =
1
2
ρ1, ηk,s,1 = θk,s,1 = 0, 1 ≤ k, s ≤ m, k 6= s.
By considering the next equality
ρ1X1 = [J, T ] =
[
J, [Pk, Qk]
]
=
[
[J, Pk], Qk
]− [[J,Qk], Pk
]
= [Qk, Qk] + [Pk, Pk] = ρ1X1 +
2m+2∑
s=2
(ηk,k,s + θk,k,s)Xs,
we get
θk,k,s = −ηk,k,s, 2 ≤ s ≤ 2m+ 2, 1 ≤ k ≤ m.
Analogously, by applying the Leibniz identity to {J, Pk, Qs}, {J,Qk, Qs} and {J, Pk, Ps}, we get
[Pk, Ps] = −[Qs, Qk], [Pk, Qs] = [Ps, Qk], [Qk, Ps] = [Qs, Pk], 1 ≤ k, s ≤ m, k 6= s. (4)
By applying the Leibniz identity to {P1, J,Q1} and {P1, P1, Q1}, we have
[T, J ] =
2m+2∑
s=2
2η1,1,sXs, [T, P1] =
3
2
ρ1X2m+1 + η1,1,2X2m+2.
By the next identity
[Q1, [J, P1]] = [[Q1, J ], P1]− [[Q1, P1], J ] = [P1, P1]− [−T +
2m+2∑
s=1
γ1,sXs, J ]
=
1
2
ρ1X1 +
2m+2∑
s=1
η1,1,sXs +
2m+2∑
s=2
2η1,1,sXs +
m+1∑
s=2
γ1,sX2m+3−s −
2m+1∑
s=m+2
γ1,sX2m+3−s
=
1
2
ρ1X1 +
2m+2∑
s=1
3η1,1,sXs +
m+1∑
s=2
γ1,sX2m+3−s −
2m+1∑
s=m+2
γ1,sX2m+3−s.
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On the other hand
[Q1, [J, P1]] = [Q1, Q1] =
1
2
ρ1X1 −
2m+2∑
s=1
η1,1,sXs,
and from this we deduce
γ1,s = −4η1,1,2m+3−s, γ1,k = 4η1,1,2m+3−k, η1,1,2m+2 = 0,
with 2 ≤ s ≤ m+ 1, m+ 2 ≤ k ≤ 2m+ 1.
Now by considering the identity
T = [P1, Q1] = [P1, [J, P1]] = [[P1, J ], P1]− [[P1, P1], J ]
= −[Q1, P1]− [ 1
2
ρ1X1 +
2m+1∑
k=2
η1,1,kXk, J ]
= T − γ1,1X1 +
m+1∑
k=2
4η1,1,2m+3−kXk −
2m+1∑
k=m+2
4η1,1,2m+3−kXk
+ γ1,2m+2X2m+2 +
m+1∑
k=2
η1,1,kX2m+3−k −
2m+1∑
k=m+2
η1,1,kX2m+3−k,
we get
γ1,1 = γ1,2m+2 = η1,1,k = 0, 2 ≤ k ≤ 2m+ 1.
By the next Leibniz identity
ρ1X2 = [Q1, T ] = [Q1, [P1, Q1]] = [[Q1, P1], Q1]− [[Q1, Q1], P1]
= −[T,Q1]− [ 1
2
ρ1X1, P1] = −[T,Q1]− 1
2
ρ1X2,
we obtain
[T,Q1] = −3
2
ρ1X2.
Hence, we have 

[T, J ] = 0, [Q1, P1] = −T,
[P1, P1] =
1
2
ρ1X1, [Q1, Q1] =
1
2
ρ1X1,
[T, P1] =
3
2
ρ1X2m+1, [T,Q1] = − 32ρ1X2,
By using the next Leibniz identity
−ρ1X2m+2−k = [Pk, T ] = [Pk, [Pk, Qk]] = [[Pk, Pk], Qk]− [[Pk, Qk], Pk]
= [
1
2
ρ1X1 +
2m+2∑
s=2
ηk,k,sXs, Qk]− [T +
2m+2∑
s=1
βk,sXs, Pk]
=
1
2
ρ1X2m+2−k + ηk,k,k+1X2m+2 − [T, Pk]− βk,1Xk+1 + βk,2m+2−kX2m+2,
we get
[T, Pk] =
3
2
ρ1X2m+2−k − βk,1Xk+1 + (βk,2m+2−k + ηk,k,k+1)X2m+2, 2 ≤ k ≤ m.
By applying the Leibniz identity to the elements {Pk, J,Qk} and {Qk, J, Pk}, we get
βk,s = γk,s = −2ηk,k,2m+3−s, βk,t = γk,t = 2ηk,k,2m+3−t, ηk,k,2m+2 = 0,
where 2 ≤ k ≤ m, 2 ≤ s ≤ m+ 1, m+ 2 ≤ t ≤ 2m+ 1.
By the next Leibniz identity applied to {Pk, J, Pk}, we have
γk,1 = −βk,1, ηk,k,s = 0, 2 ≤ k ≤ m, 2 ≤ s ≤ 2m+ 1.
Now, by considering
ρ1Xk+1 = [Qk, T ] = [Qk, [Pk, Qk]] = [[Qk, Pk], Qk]− [[Qk, Qk], Pk]
= [−T − βk,1X1, Qk]− [ 1
2
ρ1X1, Pk] = −[T,Qk]− βk,1X2m+2−k − 1
2
ρ1Xk+1,
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we get
[T,Qk] = −3
2
ρ1Xk+1 − βk,1X2m+2−k.
By using the Leibniz identity for {T, Pk, Qk}, we get
βk,1 = 0, 2 ≤ k ≤ m.
So, we have 

[Pk, Qk] = −[Qk, Pk] = T,
[Pk, Pk] = [Qk, Qk] =
1
2
ρ1X1,
[T, Pk] =
3
2
ρ1X2m+2−k,
[T,Qk] = − 32ρ1Xk+1,
where 2 ≤ k ≤ m.
By verifying Leibniz identity on elements, we obtain the following restrictions.
Leibniz identity Constraints
{Pk, Ps, T } =⇒ ηk,s,1 = 0, 1 ≤ k, s ≤ m, k 6= s,
{Qk, Qs, T } =⇒ θk,s,1 = 0, 1 ≤ k, s ≤ m, k 6= s,
{Pk, Qs, T } =⇒ νk,s,1 = 0, 1 ≤ k, s ≤ m, k 6= s,
{Qk, Ps, T } =⇒ ξk,s,1 = 0, 1 ≤ k, s ≤ m, k 6= s.
By applying the Leibniz identity to {Pk, Ps, J}, {Qk, Qs, J}, we get
[[Pk, Ps], J ] = −[Qk, Ps]− [Pk, Qs], [[Qk, Qs], J ] = [Qk, Ps] + [Pk, Qs],
it follows that
[[Pk, Ps], J ] = −[[Qk, Qs], J ],
hence
ξk,s,2m+2 = −νk,s,2m+2, θk,s,t = −ηk,s,t, 1 ≤ k, s ≤ m, 2 ≤ t ≤ 2m+ 1, k 6= s.
and
νk,s,t + ξk,s,t = −ηk,s,2m+3−t 2 ≤ t ≤ m+ 1,
νk,s,t + ξk,s,t = ηk,s,2m+3−t m+ 2 ≤ t ≤ 2m+ 1.
Let us consider the identity
[[Qk, Ps], J ] = [Qk, [Ps, J ]] + [[Qk, J ], Ps] = −[Qk, Qs] + [Pk, Ps]
We have that θk,s,2m+2 = ηk,s,2m+2 and
ξk,s,t = −2ηk,s,2m+3−t, 2 ≤ t ≤ m+ 1,
ξk,s,t = 2ηk,s,2m+3−t, m+ 2 ≤ t ≤ m+ 1,
and
νk,s,t = ηk,s,2m+3−t, 2 ≤ t ≤ m+ 1,
νk,s,t = −ηk,s,2m+3−t, m+ 2 ≤ t ≤ 2m+ 1.
Analogously,by applying the Leibniz identity to {Pk, Qs, J}, we get
νk,s,t = −2ηk,s,2m+3−t, 2 ≤ t ≤ m+ 1,
νk,s,t = 2ηk,s,2m+3−t, m+ 2 ≤ t ≤ 2m+ 1.
We get that νk,s,t = 0, 1 ≤ k, s ≤ m, 2 ≤ t ≤ 2m+ 1, k 6= s. It implies that ηk,s,t = ξk,s,t =
θk,s,t = 0 for 1 ≤ k, s ≤ m, 2 ≤ t ≤ 2m+ 1, k 6= s.
Hence, we have
[Pk, Ps] = [Qk, Qs] = ηk,s,2m+2X2m+2, 1 ≤ k, s ≤ m, k 6= s,
[Pk, Qs] = [Qk, Ps] = νk,s,2m+2X2m+2, 1 ≤ k, s ≤ m, k 6= s.
By equation (4) we have the following restrictions
ηk,s,2m+2 = −ηs,k,2m+2, νk,s,2m+2 = νs,k,2m+2, 1 ≤ k, s ≤ m, k 6= s.
Finally, we apply the Leibniz identity to the elements {Pk, Pk, Ps} with k 6= s and we obtain
ρ1 = 0. We denote again (δ2m+2, ηk,s,2m+2, νk,s,2m+2) = (a1, bk,s, ck,s). 
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